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THE MAXIMUM OF THE PERIODOGRAM OF A NON-GAUSSIAN SEQUENCE

BY RICHARD A. DAVIS AND THOMAS MIKOSCH
Colorado State University and University of Groningen
It is a well-known fact that the periodogram ordinates of an iid mean-zero Gaussian sequence at the Fourier frequencies constitute an iid exponential vector, hence the maximum of these periodogram ordinates has a limiting Gumbel distribution. We show for a non-Gaussian iid mean-zero, finite variance sequence that this statement remains valid. We also prove that the point process constructed from the periodogram ordinates converges to a Poisson process. This implies the joint weak convergence of the upper order statistics of the periodogram ordinates. These results are in agreement with the empirically observed phenomenon that various functionals of the periodogram ordinates of an iid finite variance sequence have very much the same asymptotic behavior as the same functionals applied to an iid exponential sample.
Ž .
Introduction. Let Z
, be a sequence of iid random variables
with EZ s 0 and EZ 2 -ϱ, where Z s Z . We assume for convenience that is a sequence of iid standard t n , Z i is1, . . . , q exponential random variables, and the extreme value theory for these periodogram ordinates is contained in the well-known theory for extremes of an iid exponential sequence. In particular, Ž .
Ž .
Assuming certain smoothness conditions on the characteristic function of Z, w x which in particular imply the existence of a density of Z, 3 extends this result from convergence in probability to a.s. convergence. A further indication of the asymptotic independence of the periodogram ordinates at the Fourier frequencies is given by the validity of resampling methods in the frequency domain. Bootstrap resampling techniques based on the empirical Ž . Ž . distribution function of the I or tapered versions of them have n, Z i w x w x recently been proposed by various authors; see 7 , 4 .
Ž . The asymptotic independence of the I is also the basis for a series of
results on the maximum of the periodogram. One important application, for example, is the construction of large sample tests for detection of a jump in the spectral distribution function of a time series. In this setting, the process under the null hypothesis is assumed to be a linear process, 
X i
Our main results are formulated in Section 2. In Section 3 some technical results are collected. Finally, the proofs of the main results are given in Section 4.
Main results.
We commence with the distributional limit of the Ž Ž .. Ž . sequence of maxima M Z , where Z is an iid mean-zero, unit variance n t sequence. Ž . tions. For example, it remains valid under EZ ln Z h Z -ϱ where h x is the k times iterated logarithm for any k G 1. We conjecture that the 2 q < < condition EZ ln Z -ϱ is sufficient for Theorem 2.1 to hold. At the end of the proofs of Lemma 3.4 and Theorem 2.1, we indicate the necessary changes required in the proof under the weaker moment conditions.
Ž .
Ž . Now let X be a linear process 1.2 with coefficients satisfying
Ž . Ž . w x where f r 2 is the spectral density of the X-sequence. In 18 it is also X Ž . 
provided EZ 4 -ϱ. Indeed, under the given assumptions, it follows from w x Theorem 10.3.1 of 2 that
we have
Also from Corollary 2.6,
Ž . from which 2.2 is easily deduced. Theorem 2.1 can be extended to cover convergence for the sequence of point Ž Ž . . processes based on the points , I
. Specifically, define the sequence
Ž . where и is the point measure which assigns unit mass to a set containing rf y ln q provided that the conditions of Corollary j n, X j X j 2.6 are met.
One of the great advantages of the point process approach to extreme value theory is that the relation ª immediately yields the joint weak conver-
gence of a finite vector of upper order statistics in a sample. To be precise, we Ž . introduce for every n the ordered version of the sample
. bers, and write N s 0, = x , ϱ for the number of exceedances of x 
has density exp yexp yx y x q иии qx .
Additional limiting results for the spacings and related quantities may be Ž w x . obtained directly from this corollary. For example see 6 , Corollary 4.2.1 ,
Ž . where E is an iid standard exponential sequence. More generally, every i asymptotic result which only depends on the distribution of a finite number of upper order statistics of an exponential sample remains valid if one replaces these order statistics by the corresponding I .
n, Ž i.
We conclude with an a.s. convergence result which generalizes a theorem w x Ž . in 1 in which 2.4 below was proved under the existence of a sixth moment of Z and certain smoothness conditions on the characteristic function of Z. In particular these conditions imply that Z has a density; see Remark 2.2.
Ž 
where 
, and g 0, 1 . Let s q , k s 1, . . . , n, and write p for the
where x denotes the Euclidean norm in ‫ޒ‬ . Let
where c , c , and c are constants depending only on d, then
Ž . Ž .
Ž . where I is the periodogram based on Z , . . . , Z .
By the Borel᎐Cantelli lemma, Ý Z I is bounded with probability 1
and consists of only a finite number of nonzero terms. Thus, there exists a Ž . positive integer N such that Ž .
Ž . where B s var Z q ; q. Choose for some fixed constant c ) 0
n n Ž . where ␦ is chosen as above and c s 1r2 y 1 y ␦ rs ) 0. Next we consider 6 Ž . condition 3.4 . We can choose x according to the restriction
By 3.4 and 3.9 we can choose s according to
n and B also satisfies
Ž . An application of 3.5 yields
Ž . Ž . But by 3.9 and 3.10 ,˜3
for arbitrarily small ␦ ) 0; that is, < Ž .< the remainder term T x converges to zero, uniformly for the x considered. it suffices to show that
for every fixed d G 1 and uniformly over all d-tuples
Notice that the left-hand side of 4.1 is equal to the probability of the event
Ž . where v t is defined in 3.8 , and
Ž . 1r2 whose distance to the origin is not less than 2 x q ln q . Since Ž .
Ž . n n d
To complete the proof of the theorem we need to transfer the convergence Ž . in 4.2 onto the Z . To this end, write Z s Z q N y N so that
Ž . 
n for all 0 F a -b F and x -y, and for all k G 1,
where 0 F a -b -иии -b F and R , . . . , R are bounded Borel sets,
consisting of a finite union of intervals on yϱ, ϱ .
Ž . To prove 4.4 , note that that is,
. . , q and integers
. . , k we have from 4.1 that
where is the measure on yϱ, ϱ given by e dx and the relation is uniform over all distinct d-tuples i , . . . , i . Using an elementary counting 1 d Ž . argument and 4.7 , the sum of the probabilities of all collections of d distinct Ž . sets from the m that comprise the union in 4.6 is given by n n
Ž . Ž . as s ª ϱ which, by the Bonferroni inequality 3.1 and 4.6 , proves 4.5 . 
Ž . Ž .
n , Zq N j n, Z j n js1, . . . , q j s1, . . . , q s < < and, under the condition E Z -ϱ, one may replace the Z with Z ; see
